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SLIDING INVARIANT AND CLASSIFICATION OF 
SINGULAR HOLOMORPHIC FOLIATIONS IN THE PLANE 

TRUONG HONG MINH 



^^ Abstract. By introducing a new invariant called the set of slidings, we 

^S| give a complete strict classification of the class of germs of non-dicritical 

t , holomorphic foliations in the plan whose Camacho-Sad indices are not 

^ I rational. Moreover, we will show that, in this class, the new invariant 

.^^ is finitely determined. Consequently, the finite determination of the 

class of isoholonomy non-dicritical foliations and absolutely dicritical 

r~~ foliations that have the same Dulac maps are proved. 

Q 1. Introduction 

1 -Q The problem of classification of germs of foliations in the complex plane 

a is stated by Thom [T^. He conjectured that the analytic type of a foliation 

^ defined in a neighborhood of a singular point is completely determined by 

'~~' its associated separatrix and its corresponding holonomy. R. Moussu in 

T— I [13 gave a counterexample for this statement and showed that we have 

J> to consider the holonomy representation of each irreducible component of 

the exceptional divisor in desingularization instead of the holonomies. For 

this new version, the Thom's problem is proved for cuspidal type singular 

■^ points |12j . [3] and more generally for the quasi-homogeneous foliations [5j. 

■^ However, the new statement of Thom's conjecture was denied by J. F. Mattel 

C^ by computing the dimension of the space of isoholonomic deformations [lOj, 

^^ [9] : There must be other invariants for the non quasi-homogeneous foliations. 

. . This conclusion is confirmed by the number of free coefficients in the normal 

. ^ forms in [6] , [7] and in the hamiltonian part of the normal forms of vector 

S^ field in [8] . By adding a new invariant called set of slidings this paper solves 

H the problem of strict classification for the non-dicritical foliations whose 

Camacho-Sad indices are not rational. Here, strict classification means up 

to a diffeomorphism tangent to identity. 

1.1. Preliminary. A germ of singular foliation in (C^,0) is called reduced 

if there exists a coordinate system in which it is defined by a 1-form whose 

linear part is 

A2 
Xiydx + X2xdy, — Q<o. 
M 
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A = j^ is called the Camacho-Sad index of J-. When A = 0, the origin 
is called a saddle-node singularity, otherwise it is called nondegenerate. A 
theorem of A. Seidenberg |13[ ITT] said that any singular foliation T with 
isolated singularity admits a canonical desingularization. More precisely, 
there is a holomorphic map 

(1) (t:7W^(C2,0) 

obtained as a composition of finite number of blowing-ups at points such 
that any point m of the exceptional divisor D := o"~^^(0) is either a regu- 
lar point or a reduced singularity of the strict transform T = a*{J-). An 
intersection of two irreducible components of T> is called a corner. An irre- 
ducible component of P is a dead branch if in this component there is unique 
singularity of J- that is a corner. 

A separatrix of J- is an analytical irreducible invariant curve through the 
origin of J-. It is well known that any germ of singular foliation J^ in (C^, 0) 
possesses at least one separatrix [2]. When the number of separatrices is 
finite J-" is non-dicritical. Otherwise it is called dicritical. 

Suppose that J^ is non-dicritical. Denote by Sing(J^) the set of all singu- 
larities of the strict transform J^. Let D be an irreducible component of the 
exceptional divisor P then D* = D \ Sing(J-') is an leaf of J-'. Let m, be a 
regular point in D* and S a small analytic section through m transverse to 
J^. For any loop 7 in D* based on m there is a germ of a holomorphic return 
map h^ : {Ti,m) — >■ (S,7n) which only depends on the homotopy class of 7 
in the fundamental group tti{D* ,m). The map h : Tri{D*,m) — )• Diff(S,m) 
is called the vanishing holonomy representation of J- on D. Let T' be a 
non-dicritical foliation that also admits a as its desingularization map. As- 
sume that Sing(J^') = Sing(J^) where Sing(J'^') is the set of singularities of 
strict transform T' . Denote by h' in Diff(S,7Ti) the vanishing holonomy 
representation of J-. We say that the vanishing holonomy representation 
of J- and J-' on D are conjugated if there exists (j) G Diff (S, m) such that 
<j) o h-y = h' o (f). The vanishing holonomy representation of J- and J-' are 
called conjugated if they are conjugated on every irreducible component of 
V. 

Notation 1. We denote by Ai all non-dicritical foliations J- defined on 
(C^,0) such that the Camacho-Sad index of JF at each singularity is not 
rational. 

If J^ in 7W then after desingularization all the singularities of J-" are not 
saddle-node. Moreover, the Chern class of an irreducible component of 
divisor, that is an integer, is equal to the sum of Camacho-Sad indices of 
the singularities in this component [2]. Therefore, every elements in Ai after 
desingularization admits no dead branch in there exceptional divisors. 

1.2. Absolutely dicritical foliation. Let u as in ([l]) be a composition of 
finite number of blowing-ups at points. A a germ of singular holomorphic 
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foliation C is said a-absolutely dicritical if the strict transform C = cr*{C) 
is a regular foliation and the exceptional divisor V = a~^{0) is completely 
transverse to the C. When a is the standard blowing-up at the origin, 
we called £ is a radial foliation. At each corners p = Di Ci Dj of P, the 
diffeoniorphism from {Di,p) to {Dj,p) that follows the leaves of C called 
the Dulac map of C at p. The existence of such foliations for any given a 
is proved in [3]. In fact, in [3] the authors showed that if in each smooth 
component of V we take any two smooth curves transverse to T) then there 
is always an absolutely dicritical foliation admitting them as their integral 
curves. We will denote by Sep(J^) rtl £ if at any point p G Sing(J^) the 
separatrices of J- through p are transverse to C 

Lemma 2. Let T he a non- dicritical foliation such that a is its desin- 
gularrization map. Then there exists a a-absolutely dicritical foliation C 
satisfying Sep(J^) ftl C 

Proof. Denote by Li, . . . , L^ the strict transforms of the separatrices of J-. 
On each component D oiT) that does not contain any singularity of J- except 
the corners we take a smooth curve -^fc+j transverse to D. Then we have 
the set of curve {ii, . . . , in} such that each component of T) is transverse 
to at least one curve Lj. Denote by pi = Li Ci T). By ^, for each i there 
exists an absolutely dicritical foliation Ci defined by a 1-form uoi verifying 
that Li is transverse to Ci. Choose a local chart {xi,yi) at pi such that 
V = {xi = 0}, Lj = {yi = 0} and 

a*uji{xi, yi) = x^^d{xi + yi) + h.o.t, 

where h.o.t stands for higher order term. Write down oji in the local chart 

(2) a*uji{xj,yj) = xJ^d{aijXj + hjyj) + h.o.t. 

Because Ci is transverse to V, we have hij ^ 0. We define an = bn = 1. 
There always exits a vector (ci, . . . , c^) G C" such that for j = 1, . . . , n 

n n 

Uj = y^ Cittij / and bj = >^ Cibij j^ 0. 

1=1 i=l 

Denote hy loq = J2 CiUii. Then, in the local chart (xj, yj), we have 

a*iOo{xj,yj) = X- ^ d{ajXj + bjyj) + h.o.t. where aj ^ 0, bj ^ 0. 

Because wq and Wj, i = 1, . . . ,n, have the same multiplicity on each com- 
ponent of P, they have the same vanishing order. Since each component 
of D contains at least a point pi and the strict transform C of the foliation 
C defined by uq is transverse to V in each neighborhood of each pi, C is 
generically transverse to P. By j3], £ is absolutely dicritical and it is the 
one we need. D 
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1.3. Slidings of foliations. Consider first a nondegenerate reduced folia- 
tion T in (C^,0). By [llj, there exists a coordinate system in which T is 
defined by 

\y{\ + A{x, y))dx + xdy, A ^ Q<o, 
where ^(0, 0) = 0. Let £ be a germ regular foliation whose invariant curve 
through the origin (we call it the separatrix of C) is transverse to the two 
separatrices of J- that are Si and 52. Then we have the following Lemma, 
whose proof is straightforward. 

Lemma 3. The tangent curve of J- and C, denote by T{T,C), is a smooth 
curve transverse to the two separatrices of J-'. Moreover, if the separatrix of 
C is tangent to {x — cy = 0} then T{T, C) is tangent to {x + cXy = 0}. 

After a standard blowing-up o"! at the origin, the strict transform T(-F, £) 
of T{T, C) is transverse to F and cut Di = crj^ (0) at p. We denote by 
D\= Di\ S\ng{a\{T)) and h : tti{D\,p) -^ Diff(t(J",£),p) the vanishing 
holonomy representation of J-. We choose a generator 7 for tti{D\,p) = 7L. 
Then a\ induces 

/i^ = cJi o /i(7) o fjf 1 G Difr(r(J^, £), 0). 

We call h^ the holonomy on the tangent curve T{T^C). Denote by vrg^ and 
■KSi the projection by the leaves of £ from T{T ^ C) to ^i and ^2 respectively. 

Definition 4. The sliding of a reduced foliation T and a regular foliation 
C on Si (resp. S2) is the diffeomorphism 

gS^ {J", C) = TTSi*{h-y) = ns^ oh^O TTg^ 

{resp. gs^{J^,C) = iTs2*{h^) = t^S2 ° ^7 ° '^^l)- 



Let d : Si ^ S2 the Dulac map of C (Section 1.2). Since d = iVy o vr^. ^, it 
is obvious that 

(3) gs,{J',C) = d,igs,{J',C)). 

Now let J-" be a non-dicritical foliation such that after desingularization 
by the map a all singularities of a* ( J-") = J-" are nondegenerate. By Lemma 
[2J there exists a ir-absolutely dicritical foliation Co such that Sep(^) rtl Cq. 

Notation 5. We denote by TZ{Co) the set of all a -absolutely dicritical foli- 
ations C satisfying the two following properties 

• £ and Cq has the same the Dulac maps at any corners ofT>. 

• At each singularities of T , the invariant curves of C and Cq are 
tangent. 

Let C in 7^(£o) and D he a. irreducible component of V. Suppose that 
Pi, . . . ,Pm the singularities of T on D. Then we denote by 

Sd {T,C) = {gD,pi iT,C),...,gD,pm{^X)}, 
where gD,p, (-^, £) is the sliding of JF and £ in a neighborhood of pi. 
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r(J,£) 




Figure 1 . Sliding of T and L 

Definition 6. The sliding of T and C is 

S{T,C) = U£)gComp(D)5'D(-^, -C), 

where Comp('D) is the set of all irreducible components of V. The set of 
slidings of T relative to direction Cq is the set 

that Sq (J-) is an invariant of J-": If J-" and J-'' 



We will prove in Corollary 



12 



are conjugated by <l> then S{J^,C) = <I>|x) ° S{T' , $*£) o <|),^ . Under some 

conditions for T and T' (Theorem 8|, we will have ^m = Id. Therefore 
S{T, C) = S{F', $*£). Consequently, Sq{F) = Sq{F'). 

Remark 7. For each singularity p of J^ that is a corner; i.e, p = Did 
Dj, there are two slidings gDi,p{^,C,) and gDj,p{^,J^)- However, by ^, 
Od .pi^T ^) is completely determined by g£)^^p{T,C) and the Dulac map of C 
at p. 



This invariant is named "sliding" because it gives an obstruction for the 
construction of local conjugacy of two foliation that fixes the points in ex- 



ceptional divisor (Corollary 12). 
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Although S{J-, C) is the set of local diffeomorphism, it also contains the 
additional informations through the "global" foliation C. 

1.4. Statement of the main results. Let T,T' £ A4. We say that their 
strict separatrices are tangent, denote Sep(J^) //Sep(j^'), if they have the 
same desingularization map and the same set of singularities, moreover, 
at each singularity which is not a corner of divisor the separatrices of J-" 
and JF' are tangent. If Sep{T) // Sep{T') and Cq is an absolutely dicritical 
foliation satisfying Sep(J^) ftl Cq then Sep(-F) rtl £g. We also denote by 
CS(J^) the set of Camacho-Sad indices of J^ at all singularities. Let denote 
by CS(J'^) = CS(J^') if at each singularity, JF and JF' have the same Camacho- 
Sad index 

Theorem 8. Let T and T' he two foliations in the class Ai (see Notation 
Mj such that Sep(J^)//Sep(-F'). Suppose that Cq is an absolutely dicritical 
foliation satisfying Sep(^) rtl Cq- Let TZ{Cq) as in Notation\^ and Sq{T) and 
So{T') the corresponding set of slidings. Then the tree following statements 
are equivalent 

(i) T and T' are strictly analytically conjugated. 

(ii) Their vanishing holonomy representation are strictly analytically con- 
jugated, CS(-F) = CS(-F') and cSo(-F) = 5o(J^') 
(iii) Their vanishing holonomy representation are strictly analytically con- 
jugated, CS(/) = CS(-F') and So{T) D So{T') / 

Here, a strict conjugacy means a conjugacy tangent to identity. We will 
prove that the sliding of foliations are finitely determined: 

Theorem 9. Let J- he a non- dicritical foliation without saddle-node singu- 
larity after desingularization. There exists a natural N such that if there is 
a non- dicritical foliation T' satisfying the following conditions: 

(i) J^ and T' have the same set of singularities after desingularization 

and at neighborhood of each singularity J- and T' are locally strictly 

analytically conjugated, 

(ii) There exist C,C' in 7^(£o) such that J^{S{T,C)) = J^{S{r,C')), 

then there exists C" such that C" is strictly conjugated with C and S{J-, C") = 

S{T',C'). 

Where J^{S{T,C)) = J^{S{T',C')) means J^ {gD,p{^,C)) = J^ {goA^' ,C')) 
for all gnA^X) in S{F,C), gD,p{^',C') in S{r,C') and J^ {gD,p{T,C)) 
stands for the regular part of degree N in the Taylor expansion of gD,p{J^, C) . 

These two theorems also give two corollaries about finite determination 
of the class of isoholonomy non-dicritical foliations and absolutely dicritical 



foliations that have the same Dulac maps (see Corollary 20 and 22). 



This paper is organized as follows: In section 2, local conjugacy of the pair 
{F, C) will be proved. We prove Theorem [s] in Section 3. Section 4 devotes 
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to prove Theorem [9] and two Corollaries of finite determination of class of 
isoholonomy non-dicritical foliations and absolutely dicritical foliations that 
have the same Dulac maps. 

2. Local conjugacy of the pair (J", C) 

Let J-, J-' be two germs of nondegenerate reduced foliations in (C^,0). 
Denote by 5i, 52 and 5[, 5*2 the separatrices of F and F' respectively. 
Let C and C be two germs of regular foliations such that their separatrices 
L and L' are transverse to the two separatrices of F and F' respectively. 
Suppose that $ is a diffeomorphism conjugating {F,C) and {F',C') then 
the restriction of ^ on the tangent curves commutes with the holonomies on 
T{F,C) and T{F',C') of F and F' . The converse is also true: 

Proposition 10. Suppose that F and F' have the same Camacho-Sad in- 
dex. If (p : T{F,C) —7- T{F',C') is a diffeomorphism commuting with the 
holonomies of F and F' then cp extends to a diffeomorphism <1> of (C^,0) 
sending {F,C) to {F',C'). Moreover, if we require that <I> sends Si, S2 to 
S[, 5*2 respectively then this extension is unique. 

Proof. By Lemma [2| the curves 5i, 52, L, T{F,C) (resp. S[, S'2, L' , 
T(F',C')) are four transverse smooth curves. It is well known that there 
exist two radial foliations TZ and TZ' such that 5i, 52, L, T{F,C) and S[, 
S'2, L, T{F',C') are the invariant curves of TZ and 7^' respectively. After 
a blowing-up at the origin, denote by pi, p2, pi, Pt (resp. p[, p'2, p'j^, p'rp) 
the intersection of strict transforms of Si, S2, L, T{F,C) (resp. S[, S2, L, 
T{F',C')) with CP^ Let (/>! in Aut(CP^) that sends pi, p2, Pl to p'^, p'2, p'^ 
respectively. Then (J)i{pt) = p't by Lemma^ Using the path lifting method 
after a blowing-up [11], (j) can extends to a diffeomorphism $1 of (C^,0) 
sending {F,TZ) to (J"',7^')• Denote by Cq = ^i^{C'). Because $5"^ sends L' 
and T{F',C) to L and T{F,C) respectively, L is also the separatrix of £0 
and T{F, £0) = T[F, C). We denote by T the tangent curve T{F, Cq). The 
proof is reduced to show that there exists a diffeomorphism fixing points 
in T sending {F,C) to {F,Cq). Choose a system of coordinates {x,y) such 
that Cq is defined by /o = 2; + y and F is defined by a 1-form 

Lo{x, y) = \y{l + A{x, y))dx + xdy, A Q<o. 

Then T is defined by 

r(x, y)=x- \y{l + A{x, y)) = 0. 

We claim that there exist a natural n > 2 and h G C{x, y} such that C is 
defined by 

f{x, y) = {l + t"(x, y)h{x, y)) {x + y). 
Indeed, assume that C is defined by 

f{x,y) = u{x,y){x + y). 
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There exists a diffemorphism g G C{y} such that 

g (u(^Xy{l + A),yy (Ay(l + A) + y^^ = Xy{l + A)+y. 

It is equivalent to 

(50 /-(x + y)) 1^^0 = 0. 

Then C is also defined by / = gof and there exist a natural n and a function 
h satisfying n > 1 and /i|t-=o ^ such that 

9 ° f{x, y) = (1 + r"(a;, y)h{x, y)) {x + y). 

Moreover 

df Auj = t{x, y){. . .) + n{x + y)/i(x, y)T^~^dT A cj 

= t(x, y){. . .) + n(x + y)h{x, y)T""^(x + A^y + . . Oc^a; A dy. 

The fact that (d/ A a;) , _f^ = and A 7^ 0, —1 forces to n > 2. 
Let 

X = xl-Xyil + Aix,y))^^ 

tangent to J-. Now we will show that there exists a G C{x, y} such that the 
diffeoniorphism exp[r"~^a]X satisfies 

(4) {x + y)o exp[r" 'a]X{x, y) = 2_^ tj ad^(x + y) = f{x, y), 

i>0 



where adx is the adjoint representation. Since 
ad^(a; + y) = x + y + r"a + - 



,^ i(n-l) i 

Yl r^ad^(x + y) = x + y + T^a + -T^'^-'a^Xir) + t^^-\. . .), 



i>0 

Q becomes 



a + -T^-^a^X{T) + r"-i(. . .) = (x + y)/i(x, y). 



Hence, the existence of a comes from the implicit function theorem. 

Now we will prove the uniqueness of $. In fact, we only need to show that 
if there exists a diffeomorphism ^ that sends {J-", Co) to itself, preserves the 
two separatrices of T and fixes the points of T then * = Id. Since ^|r = Id, 
^ sends every leaf of T into itself. By [T], there exists (3 G C{x,y} such that 

^ = exp[/3]X. 

Because Cq is defined by the function x + y and ^ fixes points in T, we get 

(5) (x + y) o exp[/3]X = x + y. 

Decompose /? into the homogeneous terms 

/? = /3o + /3i + A + . . . = /3o + ^. 
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Since ad^(x) = x and ad^^ (y) = (— A)*y + Ci for all i, where Cj G (x, y)^, we 
have 

{x + y)o exp[/3]X = f] f x + f] f ((-A)^y) + /i.o.t 
j=o ■ «=0 

= exp(/3o)2; + exp(— A/3o)y + /i.o.t. 

So ([5]) leads to 

exp(/3o) = exp(-A/3o) = 1. 
Hence, 

~" Pi 



(6) X o exp[/3o]^ = 2_. ~T^ ~ exp(/3o)x = x, 

i=0 

(7) y o exp[/?o]X = J^ ^ ((-A)*y + a) = exp(-A/3o)y + c = y + c, 



i=0 



where c € {x, y)^. We claim that 

(8) exp[/3]X = exp[^o]^ o exp[^]X. 

Indeed, for any h £ C{x, y} we have 



00 7^ T / 00 g^ 



/i o exp[/3o]X o exp[^]X = ^ f ad^(/i) o exp[;9]X = f] ^ad^^ ( ^ ^ad^(/i) 

= £ E ^ad^(/.) = f;(^±^ad^(/.) = /.oexp[^^^^ 

fc=Oi+j=fc -^^ ■ fc=0 

We write ad5^(y + c) = (-A)*y + d,, where dt G (a;,y)2, by (|6j), 0, ^ we 
get 

(x + y) o exp[/3]X = x o exp[/3o]^ o exp[^]X + y o exp[/3o]X o exp[/3]X 

= x o exp[/3]X + (y + c) o exp[/3]X 

i=0 ■ i=0 

= exp(/3)j; + exp(-A/3)y + ^ — dj 

00 00 00 752 

(9) =xJ]exp(A)+yJ]exp(-A/3i) + ^^d,. 

j=l j=l j=0 

We will prove /S = by induction. From ([9]) we have 

(x + y) o exp[/3]X = x(l + A) + y(l - A/3i) + /i.o.t. 
So ([5]) forces /3i = 0. Suppose that /3i = . . . = /3fc_i = 0, we have 
(x + y) o exp[/3]X = x(l + /3fc) + y(l - A/3fc) + h.o.t. 
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Then ^ again leads to /3fc = and consequently /? = /3o- It implies that 

* = exp[;go]^ = {x,y + c). 

Finally, ([5| again gives c = 0. So ^ = Id. D 

Corollary 11. Suppose that T and J^' are two nondegenerate reduced folia- 
tions that are analytically conjugated. Let C and C! he two regular foliation 
that are transverse to the two separatrices of T and T' respectively. Then 
there exits a diffeomorphism that sends {J~,C) to {J-',C'). 

Proof. Let ^ be the conjugacy of T and T' . Denote by T' = "^{T{T,C)). 
Then the restriction ^\t(t,c) commutes with the holonomies of J-" on T(J^, £) 
and J^' on T' . Moreover by the holonomy transport, the holonomies of 
J^' on T' and T{T\C') are conjugated. Hence, the holonomies of J- on 
T{T,C) and T' on T{T',C') are conjugated. By Proposition 10 there exits 
a diffeomorphism that sends {T,C) to {T',/1') D 

By projecting on Si and 52 the holonomies defined on T{T, C) and 
T{J^\C') respectively, we can obtain 

Corollary 12. // $ is a diffeomorphism conjugating {J^,C) and {J^',C'), 
then 

Reciprocally, if CS(J^) = CS(-F') and cp : Si ^ S'l is a diffeomorphism 
satisfying 

then (j) uniquely extends to a diffeomorphism $ o/(C^,0) sending {T,C) to 

Proof. Because $ conjugates {J^,C) and {F',C'), the restriction <^|t(j=",£) 
commutes with the holonomies h^ and h' of T and J-' . Denote by vrg^ 
(resp. vTg/) the projection by the leaves of C (resp. C) from T{F,C) (resp. 
T{T',C)) to Si (resp. 5"^). Since $ sends {J^,C) to {T',C'), we have 

Therefore 

^|Si ° 9Si {^, ^) = ^|5i ° T^Si o S ° ^51^ = ^5( ° ^\T(T,C) o ^7 ° ^5/ 

= gs'^iT',C')o<^\s,- 

Reciprocally, ii (f) : Si ^ S[ is a diffeomorphism commuting with the 
slidings of J-" and J^'. Denote by -0 = ^^g/ o 4>o ttsi then 

ipoh^ = 7r~/ o (/) o TTSj o /i^ = vr^/ o (p o gg^ (J", £) o vrgj 

= 7r_^/ o gg,^ {F' ,C') o (/) o TTSi = /i'^ o vr^/ o (/> o vr^i = /i^ o ^. 



-1 
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By Proposition [TOj tp uniquely extends to a diffeomorphism $ that sends 



Remark 13. In particular, if in Corollary 12 we have that Si = S'l and 
gs^{F,C) = gs'{J-^',C') then there exists a diffeomorphism sending {F,C) 
to {J-\C') and fixing points in Si. 

3. Strict classification of foliations in M 
This whole section devotes to prove Theorem [8] 

Proof of theorem^ The direction ((ii)=^(iii)) is obvious. 

((i)^(ii)) Let $ be the strict conjugacy and <l : (M,!?) -?- {M,V) be 
its lifting by a. Suppose that a non-corner point ?n, of D is a fixed point of 
$. Then the linear map D^{m) has two eigenvalues. One is corresponding 
to the direction of divisor. We denote by v{^){m) the other and define 
v{^){m) = 1 for each corner m. 

Lemma 14. <l>|-p = Id so v{^) is a function defined on D and moreover 
v(l>) = 1. 

Proof. Denote by ai the standard blowing-up at origin of (C^,0) 

ai:{Mi,Di)^{C^O). 

On Di, we use the two standard chart {x,y) and {x,y) together with the 
transition functions x = y~^, y = xy. Suppose that 

^{x, y) = {x + a{x, y),y + /3{x, y)), a, /3 G (x, y)^. 

Then in the coordinate system {x, y) we have 

^ , -\ *^, -\ ( / -N ^y + Pix,xy) 

^i{x, y) = ai9{x, y)= [x + a{x, xy), ■ — 

\ x + a[x,xy) 

= (x(l + ...),y + x(/3o + ...)), 

where j3 = f3ox'^ + . . .. Therefore $i : {Mi,Vi) -)- {Mi,Di) fixes points in 
Di and u($i) = 1. Let p be a singularity of a^T on Di. We will show that 
D^i{p) = Id and apply the inductive hypothesis for $i in a neighborhood 
of p . Indeed, let (T2 be the blowing-up at p and D2 = ^2 (p). Denote 
by Sp and Sp all invariant curves of a^J^ and a^J^' through p. Because 
every elements in Ai after desingularization admits no dead branch in there 
exceptional divisors, D2 is not a dead component. Therefore there is at least 
one irreducible component of Sp and Sp that are not tangent to Di. Because 
^u{Sp) = S' D(l)i{p) has an eigenvector different from the direction of Di. 
So D^i{p) has two eigenvectors. Since both of their eigenvalues are 1, we 
have D^iIp) = Id. D 
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Now let L S 7^0 and denote by £' = $=„(£). Since ^p = Id, the 
strict transforms £ and £' have the same Dulac maps. Moreover, because 
Sep(^)//Sep(J'^'), at each singularity p of T, D^{p) has two eigenvectors. 
As f ($) = 1 and ^m = Id we have D^{p) = Id. Therefore the invariant 
curves of £ and C through p are tangent. This gives C = $*(£) G TZ{Co). 



Because $ fixes points in P, by Corollary 12 the identity map commutes 
with the slides of J-" and J-"'. It leads to S{J^, C) = S{J^' , C). Consequently, 
Sq{J-) = Sq{J-'). Moreover, the vanishing holonomy representation of J-" and 
J-' are conjugated by $. Since v($) = 1 the conjugacy are strict. 

((iii)^(i)) Suppose that £, C e TZ^ satisfy S{F,C) = S{F\C'). By 



Corollary 12, at each singularity pi, i G {l,...,k}, of T there exists a 



neighborhood Ui of pj and a local conjugacy 

such that ^i\vnUi — I"^- L^t C/q be a neighborhood of "D \ U^^j^f/j such that 
[/q does not contain any singularity of J-. Note that Uq is not connected and 
the restriction of J- and J-' on Uq are regular. The strict conjugacy of the 
vanishing holonomy representations can be extended by path lifting method 
to the conjugacy 

satisfying that the second eigenvalue function v{^q) = 1. We will show that 
on each intersection Vi = Uif^UQ, ^i and ^q are coincident. Denote by 

We claim that v{'^i) = 1 on V r\Vi. Let p^q in Vi n V. Denote by Ip 
and Iq the invariant curves of C through p and q respectively. As the two 
maps ^ji; and ^m are conjugated by the holonomy transport, we have 
v{'^i){p) = v{^i){q). Consequently, v{^i) is constant on Vi. Since f (<I>o) = 
1, it follows that v{^i) is constant on T^ n P. Therefore, v{^i) is constant 
on Ui n P. Moreover, at the singularity pi, D^i{pi) has three eigenvectors 
corresponding to the directions of the divisor and the directions of invariant 
curves of T and C through pi. Since D^i{pi) has also one eigenvalue 1 
corresponding to the directions of the divisor, we have D^i{pi) = Id. This 
gives w(<I>j) = 1 and consequently v(^i) = 1. 

Now at each point p G ViDD, the map ^ju commutes with the holonomy 
of J^ around pi. Since the Camacho-Sad index Aj at pi is not rational. 



Lemma 15 below says that ^ju = Id and so ^j = Id. Hence we can paste 
all ^i together and the strict conjugacy we need is the projection of this 
diffeomorphism on (C'^,0) by a. D 

Lemma 15. Let h G Diff(C,0) such that h'{0) = exp(27riA) where A Q. 
If ip € Diff (C, 0) satisfying ^l^'{0) = 1 and ip oh = hoip then i/; = Id 
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Proof. Since |/i'(0)| = |exp(27riA)| 7^ 1, there is a formal diffeoniorphism (j) 
such that (p o h o (j)^^(z) = exp(27riA)z. Denote hy ip = cp o ip o (j)~^, then 
ip'{0) = 1 and 'i/'(exp(27riA)z) = exp(27riA)^. The proof is reduced to show 
that ijj = Id. Suppose that ip{z) = z + Y17L2 (^j^'' ■ Then 

00 
V'(exp(27riA)2;) = exp(27riA)z + N^ qj exp{2jiTiX)z^ , 

i=2 

and 

00 

exp(27riA)^(z) = exp(27riA)z + >^ Uj exp(27riA)z-^. 

i=2 

Since A ^ Q, it forces Uj = for all j > 2. Hence ■0 = Id. □ 

4. Finite determinacy 

Let 5 be a germ of smooth curve in (C^,0). Denote by m"'(5) the set 
of all holomorphic functions on S whose vanishing orders at the origin are 
at least n. We also denote by S(S') the set of all germs of smooth curves 
having the same desingularization map and having the same singularities as 
S after desingularization. 

Proposition 16. Let S be a germ of curve in (C^,0) and Si,...,Sk be 
its irreducible components. Suppose that a : {A4,V) — >• (C^,0) be a finite 
composition of blowing-ups such that all the transformed curves cr*Si = Si 
are smooth. Then there exists a natural N such that if fi G m^ {Si), i = 
1, . . . , A; then there exists F G C{x, y} such that F o a,g_ = fi. Moreover N 
can be chosen the same for all elements in T,{S) 

Proof. We first consider the statement when S is irreducible. If S is smooth 
then S is diffeomorphic to S. So we can suppose that S is singular. Denote 
by p = S nV. Choose a coordinate system {xp, yp) in a neighborhood of p 
such that S = {i/p = 0} and V = {xp = 0}. Then a~^ is defined by 

a{x,y) K^,y) 

P{x,y) i^{x,y) 

where a, /3, fj,,!^ £ C{x, y}, gcd(a, /3) = 1 and gcd(;U, u) = 1. So we have 

(10) ^^4^=x, 

poa{xp,yp) 

Therefore, there exist a natural k and a holomorphic function h such that 

(11) aoa{xp,yp) = Xp'^'^h{xp,yp), 13 o a{xp,yp) = Xph{xp,yp), 

where Xp f h. We claim that h is a unit. Indeed, if /i(0, 0) = 0, denote by 
L the curve {h{xp,yp) = 0}. Let L be a curve defined in (C^,0) such that 



cr*{L) = L. Let {h{x,y) = 0} be the equation of L. By (11), h\a and h\(3. 
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It contradicts gcd(a,/3) = 1. Now denote by u{xp) = h{xp,0) that is a unit, 
we have 

(12) a o a{xp, 0) = u{xp)xp'^ , /3 o a{xp, 0) = u{xp)xp. 

For each m > {k — l){k + 1) there exists j G {0, . . . , A; — 1} such that 
A;|(r7T, — j(A; + 1)). Thus 



m 



ik + j{k + l), i,j gN. 



So ( 12 ) imphes that if a holomorphic function f{xp) satisfying Xp Ifi^p) 



then there exists a holomorphic function F{x, y) such that F o (T{xp, 0) 
f{xp). Consequently 

(13) m(^-i)('=+i)(5) C (j*C{x,y}|5. 

In the general case, suppose that Si is defined by {gi = 0}. If /j G m^(5i), 
i = 1, . . . , /c, with A^ is big enough, there exist Fj, i = 1, . . . , A;, such that 
-^j o fji^. = fi. We win find a holomorphic function F such that F\g^ = Fi\g. 
for all i = 1, . . . , /c. It is reduced to show that there exits a natural M such 
that the following morphism is surjective 

(x,y)^ {x,yY-^ {x,y)^ 

(<7i) n . . . n {gu) n {x,yY'^ ^ (gi) n (x,y)A^ ® ■ ■ ■ ® (5fc) n {x,y)^- 
Indeed, by Hilbert's Nullstellensatz, there exits a natural Mi such that 

(14) {x,yf''c{gugj) 

for all 1 < i < j < /c. We will show that for all i = 1, . . . , /c, j = 0, . . . , (A: — 
l)Ni the elements eij = (0, . . . , xJy(^-i)^^i-J, . . . , 0), where xiyi^-'^)'^^-i is 
in the i^^ position, are in ImO and then M = {k — l)Mi. We decompose 



^y(t-l}Ml-i 



n 

l=l,...,k 



X^yMl-jl^ 



where < j; < Mi. By (14), there exist au^bu G C{x,y} such that augi + 
biWi = x^^y^^~^K It implies that 



/ 



-ij 



e 



V 



n 

1=1,.. .,k 



Uhy^h-h 



a-iWi 



\ 



J 



Gime 



Now we will show that N can be chosen the same for all elements of S(S'). 
In the case S is irreducible, let 5' in S(5) and yp = s{xp) be the equation 
ofcj*(5') = S'. We also have 



Q o a{xp, s{xp)) = v{xp)xp , /3 o a{xp, s{xp)) = v{xp): 



'p' 



where v{xp) = h{xp, s{xp)) that is a unit. Consequently, (13) holds. In 



the general case, it is sufficient to show that Mi in (14) can be chosen the 
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same for all elements oiT,(gi), i = 1, . . . ,k. Let Mij be the smallest natural 
satisfying 

we claim that 

Mij < l{gi,gj) = dime 7 — ^• 

{91,93) 

Indeed, there exists x'y^'^'J^^^' {9i,9j)- Let Pm, rn = I,..., Mij, be a 

sequence of monomials such that Pi = 1, PMi = x'y^"^'J~^~' and either 

Pm+i = X- Pm or Pm+i = V ■ Pm- Since Pm\PM,j we have Pm i9i,9j) for 

all m = 1, . . . , Mij. We will show that {Pi, ... , P^ii } are independent in 

the vector space , ^^'^l over C. Suppose that 

ciPi + . . . + cm,,Pm,j e {9i,9j)- 

If there exists Cm 7^ 0. Let ttiq be the smallest natural such that Cmo 7^ 0. 
Then 

Cmo-Pmo + • • • + CMyPA/,, = Pmo(Cmo + ■ ■ ■) ^ i9i,9j)- 

It implies that P^y in {gi,gj) and it is a contradiction. 

Now, it is well known that the intersection number l{gi,gj) is a topological 
invariant. It means that if two curves {gi ■ gj = 0} and {g'- ■ g'- = 0} are 
topologically conjugated then l{gi,gj) = l{g[,g'A. Consequently, Mi can be 
chosen as maxi<i<:j<kK9ij 9j) that doesn't depend on the elements of T,{gi), 
i = l,...,k. n 

Proof of Theorem^ Suppose that f{F,C) = UTi, f'{F',C') = Ui;' where 
Ti and T[ are irreducible components of T{J-,C) and T{J^',C'). Then the 
singularities of .P and P': pi = TiCiV = T-CiV. Denote by hi^ the holonomy 
of P on Tj. Consider at a neighborhood of pi. 

We first suppose that pi is not a corner. Denote by D the irreducible 
component of D through pi. Because P and P' are strictly conjugated in a 



neighborhood of pi, by Corollaries 1 1 1 1 and 12, there exists a diffeomorphism 
ipi in Diff(P',pj) tangent to identity such that 

(15) i}iogD,p,{^,C.) =gD,p,{^\C')o%l)i. 

Let ttd (resp. vr^) be the projection from Ti (resp. T[) to D that follows 
the leaves of C (resp. C). Denote by 

(16) (pi = 1T^^ 0^7^ OTTD. 

Since J^(5(P, £)) = J^(S'(P',£')), (pi is tangent to identity map at order 
at least A^. 

In the case pi is a corner. Let D be one of two irreducible components of 
P trough Pi and define (pi as above. 

Lemma 17. Suppose that there exists a diffeomorphism <I> suc/z that the 
lifting a*{^) = $ satisfies 

• $|i, = Id, 
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• ^\T, = 4>i, 

Then C" = $*(£) satisfies S{T, C") = S{T', C). 

Proof. We first consider in the neighborhood Ui of a non-corner singularity 
Pi. We denote D, ttd, tt'^ as above. Let tt^ be the projection following the 
leaves of C" from T,- to D then 



" j,-i 



We have 



9D,pi {^, C!') = vr^ o /ij^ o vr^^i =TTi^o,p7^ o hi^ o 0j o vr^^ 

= Vi o vri5 o hi.y o vr^i o ^ri = ^. o gr^, ^^ (JT, £) o i/;ri 

If Pi is a corner, pi = D D D' , we also have 

Since <I>|x) = Id the Dulac maps of C" and C in a neighborhood of pi are the 
same. So Remark [7] leads to 

u 



Now we will prove the existence of <I> in Lemma 17 for A^ is big enough. 
Suppose that T and L are respectively defined by 

ljJ = a{x, y)dx + 6(x, y)dy, 

^c = c{x, y)dx + d{x, y)dy. 

Then the tangent curve T = T(J^, £) is defined by 

q{x, y) = da — cb = 0. 

Let Xq = 7^'^ ~ iSw' be a vector field tangent to T and X^ be its lifting 
by a. By the implicit theorem, if A^ is big enough, there exists fi defined on 
Ti such that 

exp[/i] (x^y 



Using Lemma 16, by choosing a big enough A^, there exists / S C{x, y} such 
that 

exp[f o a]Xq\rp^ = (pi. 

For each $ = ($i,$2) G Diff(C2,0), denote by 



dx f\dy \ dy dy J \ dx dx 

It is easy to see that T[F, ^*£) = T if and only if g| < <1> >. For each 
holomorphic function /, we denote by 

$/ = exp[/]Xq. 
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Lemma 18 below says that there exists a holomorphic function u such that 



^f-uq satisfies Lemma 17 for N is big enough. Moreover, by Proposition 
TBI we can chose A^ that does not depend on £. D 



Lemma 18. If N is big enough, for all f in {x,y)^ there exists a holomor- 
phic function u such that q\ < ^f^uq >■ 



Proof. We have 
d 



dx 



X O ^f_uq 



_ d_ 

{g=o} dx ^ 



E 



U-uqY 



d_ 
dx 

d_ 
dx 



j=0 

XO(^f 
X O ^f 



l\ 



adV (x) 



{9=0} 



da "^ P 

— u.^—.} — -vradV (x) 

{9=0} dx ^ («-l)! ' 



dx 
dq dq 



{q=0} 



{q=o} dx dy 



{1=0} 



Similarly, 
d_ 
dy 
3^ 
dx 
d_ 
dy 



X O (^f-uq 
y ° ^f-uq 



{9=0} 



y o <|)j_ 



uq 



d_ 
dy 
_ d_ 

{q=0} dx 

d 



{9=0} 



dy 



X O ^J- 

yo^f 
y o (^j 



dq dq 

{q=o} dy dy ■ |g=o} 

dq dq 

dq dq 

{q=o} dy dx 10} 



It implies that 



< $/ 



(17) 



/-«<? > |{g=0} 



.dq 



< $/■ > 



/ ^ I {9=0} 

dq dq 
dy dx 



dq dq 
dy dx 



O Cj), 



{9=0} 



Denote by /i = c-J^ — d-J^. Then {h = 0} is the tangent curve of C and 

the foliation defined by level sets of q. Since at each singularity pi of J^, the 
irreducible component Tj of T is transverse to C, the irreducible components 
of the strict transform of {/i = 0} at pi are also transverse to Tj. It implies 
that (g, h) = 1 and the two curves {q ■ h = 0} and {q ■ {h o <I)j) = 0} 
are topologically conjugated. By Hilbert's Nullstellensatz and the proof 



of Proposition 16 there exists a natural M such that (x, y) C {q, h) and 



{x,yY'^ C {q,ho^f). It implies that (x, y)^^'' C {q,h-{ho^f)). So for < $/ > 
in (x, y)^^^, by ([l7[) we can choose u G 



[x, y} such that q\ < ^f-uq >■ 



D 



Remark 19. // we replace the condition "J-" and T' are locally analytically 
conjugated" in Theorerru^ by the condition 'IF and T' are in A4 " then the 
conclusion in Theorem\£\ becomes: "For all natural M > N there exists C'^j 
such that J^^ {S{T,C'^j)) = J^\S{F' ,C'))". Indeed, in that case, because 
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the Camacho-Sad indices are not rational, T and J-'' are locally formally 
conjugated. So we can choose if) in ( [l5| ) such that 

Corollary 20. Let T ^ Ai defined by a 1-form uj then there exists a natural 
N such that if J-' G 7W defined by a 1-form u' satisfying that J uj = J cu' 
and the vanishing holonomy representations of J- and J-' are strictly analyt- 
ically conjugated then J- and T' are strictly analytically conjugated. 

Proof. Let C e TZq then J"'^^^S{T,C) = J""^^^ S {T' , C) where m{M) is an 
increasing function on N and m{N) — )• oo when A^ — )• oo. By Theorem^ if 
A^ is big enough there exists C" £ TZq such that S{T,C") = S{F',C). By 
Theorem [8| F and F' are strictly analyticahy conjugated. D 

Remark 21. This Corollary is consistent with the result of J. F. Mattei in 
[9j which says that the dimension of moduli space of the equisingular unfold- 
ing of a foliation is finite. Note that the vanishing holonomy representations 
of two foliations that are jointed by a unfolding are conjugated but the con- 
verse is not true. 

Corollary 22. Let C be a a-absolutely dicritical foliation defined by 1-form 
UJ. There exists a natural N such that if C is a a-absolutely dicritical fo- 
liation defined by uj' satisfying that J^ uj = J^ uj' and the Dulac maps of C 
and C are the same then C and C are strictly analytically conjugated. 

Proof. Suppose that T) = Uj=i_...^fc-Dj where Di is an irreducible component 
of T>. We take a pair of irreducible functions fi and gi for each i = 1, . . . , /c 
such that the curve Cj = {/j = 0} and C'^ = {gi = 0} satisfy the following 
properties: 

1 . The strict transforms Cj and C'^ cut Di at two different points pi, qi, 
respectively, such that no one of them is a corner. 

2. Ci, C'^ are smooth and transverse to the invariant curve of C through 
Pi, q-i respectively. 

Because [C : Q] is an infinite field extension, there exists (Ai, A2, • . . , A^) G 
C'^ such that 

k 

Y, CiXi Q, V(ci, . . . , cfc) G Q'^ \ {(0, . . . , 0)}. 

i=l 

Now, let us consider the non-dicritical foliation T defined by the 1-form 

i=i \i=i ^ ^' 

Then T admits a as its desingularization map and the singularities of the 
strict transform T are the corners of P and Pi,qi, i = 1 . . . ,k. We claim 
that at each singularity, the Camacho-Sad index of J-" is not rational. Indeed, 
denote by niij the multiplicity of /j o o" and ^j o o" on Dj . At the corner pij = 
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DiCiDj, we take a coordinates {x, y) such that Di = {x = 0}, Dj = {y = 0}. 
In this coordinate system, we can write a*ujQ as 

1=1 ^ " 

where u{x,y) is a unit and Oij is a holomophic form. So the Camacho-Sad 
index of J-" at pij is 

.(P«) = £H^^^Q. 

22i=ii^i + ^)^h 

Similarly, the Camacho-Sad indices of .F at pi and qi, respectively, are 



i{Pi) = "-'%: ^ ' " Q, i(g.) 



k 



Now if J^w = J^w' then J™(^)S'(J",£) = J'"(^)5'(J", £') where m(A^) is 
an increasing function on N and m{N) — )• oo when A^ — )• oo. Moreover if 
A^ is big enough the invariant curves of £ and C trough the singularities of 
J- are tangent. By using Theorem [9| for J^' = J^, there exists a foliation C" 
strictly conjugated with £ such that the two couple {T, £") and {J^, £') are 
strictly conjugated. Consequently, £ and £' are strictly conjugated. D 
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